We present a detailed analysis on the Bc meson semi-leptonic decays, Bc → ηc(J/ψ)ℓν, up to next-to-leading order (NLO) QCD correction. We adopt the principle of maximum conformality (PMC) to set the renormalization scales for those decays. After applying the PMC scale setting, we determine the optimal renormalization scales for the Bc → ηc(J/ψ) transition form factors (TFFs). Because of the same β0-terms, the optimal PMC scales at the NLO level are the same for all those TFFs, i.e. µ PMC r ≈ 0.8GeV. We adopt a strong coupling model from the massive perturbation theory (MPT) to achieve a reliable pQCD estimation in this low energy region. Furthermore, we adopt a monopole form as an extrapolation for the Bc → ηc(J/ψ) TFFs to all their allowable q 2 region. Then, we predict Γ Bc→ηcℓν (ℓ = e, µ) = (71.53 GeV, where the uncertainties are squared averages of all the mentioned error sources. We show that the present prediction of the production cross section times branching ratio for B + c → J/ψℓ + v relative to that for B + → J/ψK + , i.e. ℜ(J/ψℓ + ν), is in a better agreement with CDF measurements than the previous predictions.
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I. INTRODUCTION
The B c meson is a doubly heavy quark-antiquark system and carries flavors explicitly. It has been pointed out that sizable B c meson events can be produced at the hadronic colliders [1] [2] [3] . Thus, it provides a useful laboratory for studying both the Quantum Chromodynamics (QCD) and the weak interaction theories. TABLE I. The ℜ(J/ψℓ + ν) measured by CDF collaboration under two pT cuts. The symbols "st", "sy", "lf", "y", "a" and "sp" stand for the statistical error, the systematic error, the Bc lifetime error, the systematic error on the yield, the systematic error on acceptance ratio and the Bc spectrum error, respectively. The second line is for ℜ(J/ψe + ν) + ℜ(J/ψµ + ν), the fifth and sixth lines are for ℜ(J/ψe + ν), and the remaining lines are for ℜ(J/ψµ + ν).
Experimentally, the Collider Detector at Fermilab (CDF) collaboration discovered the B c meson in the year 1998 via the semi-leptonic decay channel B + c → * wuxg@cqu.edu.cn J/ψℓ + ν [4] . It also predicted the value of the production cross section times branching ratio fraction between the B .
Later on, more measurements for the B c meson properties have been done at both the Tevatron and the LHC colliders, cf.Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . For our present purpose, we put the values of ℜ(J/ψℓ + ν) predicted by the CDF collaboration in Table I , in which two B c meson p T cuts have been adopted.
Theoretically, the predicted values for ℜ(J/ψℓ + ν) are always smaller than the experimental measurements. Such a comparison has firstly been done by Ref. [4] , whose Fig.(3) shows that the theoretical predictions are well below the CDF prediction. As shown by Table I , the updated Tevatron Run II measurements for ℜ(J/ψℓ + ν) [5] [6] [7] [8] [9] [10] are almost doubled in comparison to the previous one [4] , then the discrepancy becomes even worse. This discrepancy arouses people's great interests, many attempts have been tried to solve the puzzle. It has been argued that, by including the next-to-leading order (NLO) QCD correction to the B c → η c (J/ψ) semi-leptonic decays, the prediction on ℜ(J/ψℓ + ν) can be consistent with the experimental results [20, 21] . However, in Ref. [20] the NLO estimation is done for a fixed α s ≃ 0.2 and in Ref. [21] , a quite small Λ QCD ≃ 0.1 GeV has been adopted. Even worse, a large renormalization scale uncertainty and a large NLO contributions (or a large K factor) make the pQCD prediction questionable.
It is noted that the pQCD series in Refs. [20, 21] is derived under the conventional scale setting, in which the renormalization scale is set to be the typical momentum flow (Q ∼ m b ) of the process and an arbitrary region as [Q/2, 2Q] is adopted for estimating the scale error. The conventional scale setting assigns an arbitrary range and an arbitrary systematic error to the fixed-order pQCD prediction [22] , thus, it is natural to assume that the present puzzling situation may not be the question of the pQCD theory but the question of the conventional scale setting. As an attempt to improve the pQCD predictions, we shall apply the principle of maximum conformality (PMC) [22] [23] [24] [25] to deal with B c → η c (J/ψ) semi-leptonic decays up to NLO level.
The PMC provides a systematic procedure to set the renormalization scale for any QCD processes. It is wellknown that the running behavior of the coupling constant is governed by the renormalization group equation (RGE). Following such principal, the PMC is to use the β-terms in the perturbative series to determine the optimal behavior of coupling constant, or equivalently, to determine the optimal scale for the coupling constant [25] . One can start the pQCD calculation with an arbitrary but hard enough initial scale. Then, by finding out all the related β-terms that rightly determine the running behavior of coupling constant at each perturbative order and resuming them into the coupling constant, the argument of the coupling constant at each perturbative order shall be shifted from its initial value to its optimal one. The resultant PMC expressions being free of β-terms are thus independent of the renormalization scheme, as required by the renormalization group invariance [26] . In the present paper, we shall show that after applying the PMC scale setting, an improved QCD estimation for B c → η c (J/ψ)ℓν can be achieved, i.e. the scale uncertainty can be greatly suppressed and a more reasonable central value for the decay width of B c → η c (J/ψ)ℓν can be achieved.
As the key components for the B c → η c (J/ψ)ℓν semileptonic decays, the B c → η c (J/ψ) transition form factors (TFFs) have been calculated up to NLO level. It is noted that those TFFs are pQCD calculable only in large recoil region with q 2 ∼ 0. Thus, one needs to extrapolate them to all their allowable physical region so as to estimate the total decay widths (or the branching ratios) of B c → η c (J/ψ)ℓν. Several extrapolation approaches have been suggested in the literature, cf. Refs. [27] [28] [29] [30] [31] [32] . In the present work, we shall adopt the monopole form to do the extrapolation, which has been firstly suggested in Ref. [32] . Then, we shall reestimate the value of ℜ(J/ψℓ + ν) and make a comparison with the CDF predictions.
The remaining parts of the paper are organized as follows. In Sec.II, we present the calculation technology for dealing with the B c → η c (J/ψ) TFFs up to NLO level. The B c → η c (J/ψ) TFFs and their relations to the B c meson semi-leptonic decay widths are presented. The PMC treatment and the treatment of the low-energy running coupling are also presented here. In Sec.III, we present the numerical results for the TFFs at the large recoil region, and the ℜ(J/ψℓ + ν) is recalculated and compared with the experimental predictions. The last section is reserved for a summary.
II. CALCULATION TECHNOLOGY
After integrating the phase-space, the differential decay width over q 2 for the semi-leptonic decay B c → η c ℓν or B c → J/ψℓν can be formulated as
where we have separated the total decay for the J/ψ case as Γ = Γ L + Γ T , the lepton ℓ = e, µ, τ and the Fermi constant G F = 1.16638 × 10 −5 [33] . q = P − p is the momentum transfer, P is momentum of B c meson and p is momentum of η c or J/ψ. The phase-space
The longitudinal and transverse helicity amplitudes for Γ L and Γ T are expressed as:
The two B c → η c TFFs F 0 (q 2 ) and F 1 (q 2 ), and the four
, are defined as follows [27] :
For the case of ℓ = e or µ, the lepton mass m ℓ tends to zero, the contributions from F 0 and A 0 can be safely neglected due to the chiral suppression. All those TFFs are key components for the B c meson decays to charmonia.
In the large recoil region, they are pQCD calculable and have been calculated up to NLO level [20, 21, 34, 35] .
Up to NLO level, we can schematically write the TFFs in the following form:
where µ init r stands for some arbitrary initial renormalization scale, which should be large enough to ensure the pQCD calculation. For example, it can be chosen as the typical momentum flow of the process, i.e. µ init r = m b . Under the conventional scale setting, the renormalization scale is fixed to be µ init r . On the other hand, for a certain scale setting, its resultant optimal scale depends on how we deal with the perturbative series and is usually different from µ init r . As for the PMC scale setting, its optimal scale is determined by the {β i }-terms that rightly governs the running of the coupling constant via RGE. The function f i represents any one of the TFFs,
, respectively. The tree-level coefficients C fi (q 2 ) are put in the appendix and the NLO coefficients B fi (q 2 , µ init r ) can be read from Refs. [20, 21, 34, 35] . In those references, only the asymptotic expressions under the limit m b → ∞ have been given. Fortunately, however, as pointed out by Ref. [21] , those approximate expressions are of high precision in comparison to the full expressions 1 .
Two NLO diagrams (together with their counterterms) that contribute to the β0-terms for the Bc → ηc(J/ψ) TFFs. The 'cross' symbol means the weak interaction vertex and the circle stands for the light-quark loop.
A. The PMC scale setting for the TFFs
To set the PMC scales for the TFFs,
, we first decompose the NLO coefficients B fi (q 2 , µ init r ) into the non-conformal {β i }-dependent part and the conformal {β i }-independent part, i.e.
where β 0 = 11 − 
4m b mc is the relativistic boost. One may observe that at the NLO level, all the TFFs have the same n f -terms and hence the same β 0 -terms. As shown by Fig.(1) , this is due to the same one-loop gluon selfenergy diagrams (together with their counter-term ones) for all the TFFs. Such β 0 -terms rightly determine the running behavior of the LO coupling constant, thus, they should be absorbed into the coupling constant following the RGE [22] [23] [24] [25] .
More specifically, after applying the PMC scale setting, the TFFs (10) shall be transformed as
where to eliminate the non-conformal β 0 -terms, the renormalization scale has been transformed from its initial value µ init r to the LO PMC scale µ PMC r , i.e.
It is noted that the scale displacement contains a similar function as the simplest scale displacement e −5/6 that ensures the scheme invariance between the MS scheme and the Gell-Mann-Low scheme [36] . More explicitly, with the help of Eq. (12), the LO PMC scale can be simplified as
The interesting point is that the LO PMC scale is independent of µ init r . As discussed above, since all the TFFs has the same β 0 -term B is last known PMC scale. This treatment will lead to some residual scale dependence, which, however, shall be highly exponentially suppressed. ≈ 0.8GeV, which is close to the low energy (LE) region. In the LE region, the conventional running behavior of the coupling constant may overestimate the pQCD predictions. Several LE effective models have been suggested in the literature [37] [38] [39] [40] [41] [42] [43] [44] . A comparison of six typical LE coupling constant models can be found in Ref. [45] . The MPT model is phenomenologically successful, i.e. the moment of the spindependent structure function calculated within the MPT model is consistent with the experimental data down to a few hundreds of MeV [38] . For clarity, we shall adopt the MPT model to do our discussion.
The MPT model [37] [38] [39] , based on the massive analytic pQCD theory, provides a convenient way for analyzing the data below 1GeV. It is designed to ensure the nonsingular behavior in the infra-red (IR) region and to eliminate the Landau pole. On the basis of the massdependent (massive) Bogoliubov RGE [46] , by introducing the effective gluonic mass m gl = √ ξΛ QCD as the IR regulator, ln
can disentangle the unwanted singularity in the IR limit from the usual ultra-violet logs. More explicitly, up to two-loop level, the MPT model suggests
where β 0 = 11 − Table II. A comparison of the strong running coupling for the n f = 3 n f = 4 n f = 5 Conv. 0.388 ± 0.007 0.338 ± 0.007 0.233 ± 0.005 MPT 0.260 ± 0.005 0.235 ± 0.005 0.186 ± 0.004 TABLE II. The weighted averages of ΛQCD (in unit: GeV) based on the conventional and the MPT αs-running together with the measurements αs(MZ) = 0.1185 ± 0.0006 and αs(mτ ) = 0.330 ± 0.014 [33] . 'Conv.' stands for the conventional two-loop αs running. conventional behavior and the MPT-model with ξ = 10 is put in Fig.(2) . In drawing the curves, the values of Λ QCD are taken as their central values shown in Table  II . It is noted that in the large scale region, both are consistent with each other.
C. Extrapolation of the Bc → ηc(J/ψ) TFFs
The pQCD predictions for the B c → η c (J/ψ) TFFs are reliable in the large recoil region with small q 2 . In order to explain the semi-leptonic decay, we need the TFFs in all their allowable q 2 region. For the purpose, several extrapolations have been suggested, cf.Refs. [27] [28] [29] [30] [31] [32] . In the present paper, we adopt the monopole form, which has been suggested in Ref. [32] , to do the extrapolation, i.e.
where m pole stands for the mass of the lowest-lying resonance. The first derivative of the TFFs over q 2 at
pole , can be calculated within the framework of the QCD sum rules, which inversely can be adopted for determining m pole . We take m pole = 4.50 GeV [21, 28, 29] to do our analysis.
III. NUMERICAL RESULTS AND DISCUSSIONS
We set the c-and b-quark pole masses as: m c = 1.4 ± 0.1 GeV and m b = 4.9 ± 0.1 GeV. And the following PDG values are adopted [33] : |V cb | = 0.0409±0.0011, m τ = 1.777 GeV, m Bc = 6.2745 GeV, m ηc = 2.9837 GeV and m J/ψ = 3.0969 GeV. We ignore the spin effect for determining the wavefunction at the origin for η c and J/ψ, i.e. we adopt |ψ ηc (0)| = |ψ J/ψ (0)|. The value of |ψ J/ψ (0)| can be determined from the J/ψ leptonic decay width with a relatively high precision. By taking Γ J/ψ→e + e − = 5.55 ± 0.16 keV [33] and following the idea of Ref. [47] , we obtain |ψ J/ψ (0)| = (0.257 +0.010 −0.006 )GeV 3/2 . As for the wavefunction at the origin for the B c meson, it can be related with the decay constant via the relation [48] , f The Bc → ηc(J/ψ) TFFs at q 2 = 0 under the conventional scale setting and the PMC scale setting, in which three typical initial scales are adopted. The PMC scale (15) and hence the PMC predictions are independent of µ init r .
We put the numerical results for the B c → η c (J/ψ) TFFs at the maximum recoil region q 2 = 0 in Table III,  where The usual assumption that the renormalization scale depends on m b does not have a clear justification. As a byproduct, it is noted that our present scale invariant PMC prediction inversely provides us a chance to set the typical scale for the TFFs. That is, the typical renormalization scale µ r = µ ty r for the conventional scale setting can be predicted such that it leads to the same TFFs as that of the PMC predictions. Following such argument, we obtain µ ty r ≃ 0.3m b for F After applying the PMC scale setting, due to the elimination of the divergent renormalon terms as n!β n α n s with n being the n-loop correction, the pQCD convergence can be greatly improved in principle. To show how the pQCD convergence behaves for the B c → η c (J/ψ) TFFs, we present the LO and NLO terms for those TFFs at q 2 = 0 before and after the PMC scale setting in Table IV . For clarity, we define a K factor that equals to the magnitude of the ratio between NLO-term and the LO-term, i.e. K i = |f 
and after the PMC scale setting, we have
After the PMC scale setting, the pQCD convergence for the B c → η c TFFs F and V Bc→J/ψ are still large. The large K factors for the B c → J/ψ TFFs indicate that the unknown even higherorder pQCD corrections shall give sizable contributions to the TFFs, which are important either for fixing more precise lower-order PMC scales or for estimating the sizable higher-order conformal contributions. As a minor point, from Table. IV, one may observe that all the NLO corrections to TFFs change from positive values to negative ones after the PMC scale setting. For a pQCD estimation, it is helpful to predict what's the "unknown" QCD corrections could be. The conventional estimation done by varying the scale over a certain range is not proper, since it can only estimate the nonconformal contribution but not the conformal one. To achieve an estimation of how the "unknown" QCD corrections could be from the "known" QCD corrections, a more conservative method for the scale error analysis has been suggested in Ref. [25] ; i.e. to take the scale uncertainty as the last known perturbative order. More explicitly, for the present NLO estimation, the pQCD scale uncertainty ∆ = ±|Cα 10,13) . We put the ∆ uncertainty for various TFFs in TABLE V. The large ∆ values also confirm the importance of a next-to-next-to-leading order correction for the J/ψ case. As examples, some PMC analysis up to two-loop, three-loop and four-loop QCD corrections have been done in Refs. [23] [24] [25] [50] [51] [52] [53] , which show exactly that the pQCD convergence and the pQCD prediction can be greatly improved after the PMC scale setting.
B. The Bc → ηc(J/ψ) semi-leptonic decays By using the monopole extrapolation (17) for the B c → η c (J/ψ) TFFs, we are ready to predict the B c → η c (J/ψ) semi-leptonic decay widths. The results are presented in Table VI , where the errors are the squared average of the mentioned error sources. As a comparison, we present the results before and after the PMC scale setting simultaneously, and we also present the results derived from the NLO pQCD factorization [21] , the constituent quark model [54, 55] , the Bethe-Salpeter equation [56, 57] , the QCD sum rules [28, 30, 58] , the QCD relativistic potential model [59] , and the LO pQCD [60] . The renormalization scale dependence of B c → η c (J/ψ)ℓν decay widths are shown in Fig.(3) . After the PMC scale setting, the decay widths are also independent to the choice of µ init r , which are consistent with the above discussions on the TFFs. Due to the τ mass suppression, the decay widths for the τ -lepton pair production are smaller GeV) for the Bc → ηc(J/ψ)ℓν(ℓ = e, µ) and Bc → ηc(J/ψ)τ ν under the conventional and the PMC scale settings. As a comparison, we also present the results derived from the NLO pQCD factorization [21] , the constituent quark model [54, 55] , the Bethe-Salpeter equation [56, 57] , the QCD sum rules [28, 30, 58] , the QCD relativistic potential model [59] , and the LO pQCD [60] . GeV) 
FIG. 4. The value of ℜ(J/ψℓ
+ ν) after the PMC scale setting, which is shown by the upper shaded band. The CDF predictions [7-10], the QCD sum rule (SR) prediction [28] and the LO pQCD prediction [60] are presented as a comparison. The middle shaded band represents the QCD sum rule prediction and the lower shaded band is the LO pQCD prediction under the conventional scale setting.
0.2) × 10
−3 [61] , fb →B + = 0.401 ± 0.008 and BR(B + → J/ψK + ) = (1.028±0.031)×10 −3 [33] , we can predict the σ · BR ratio ℜ(J/ψℓ + ν). Our results for ℜ(J/ψℓ + ν) as a function of the B c meson lifetime τ Bc are presented in Fig.(4) . As a comparison, the CDF measurements [4, [7] [8] [9] [10] as shown in Table I , where all the errors are added in quadrature. As a comparison, the estimations based on QCD sum rule [28] and LO pQCD prediction [60] are also presented. All those predictions on ℜ(J/ψℓ + ν) are close in shape, all of which increase with the increment of τ Bc . However our estimation of ℜ(J/ψℓ + ν) shows a better agreement with the CDF measurements, which indicates the importance of the NLO calculations and also the importance of a correct scale setting. 
where ℓ stands for the light leptons e and µ, the uncertainties from the left to right are for a combined effect of the bound state parameters, m pole , |V cb |, ξ, Λ QCD , respectively. More specifically, • The |V cb | being the overall factor for all the B c → η c (J/ψ) TFFs, then its error to the decay widths are the same for the channels, which reads [−5%, +5%] for |V cb | = 0.0409 ± 0.0011.
• The errors caused by the MPT parameter ξ = 10±2 are within the region of [−5%, +6%] for Γ Bc→ηcℓν and Γ Bc→ηcτ ν , and [−3%, +3%] for Γ Bc→J/ψℓν and Γ Bc→J/ψτ ν , respectively.
• By using the values listed in Table II , we show that the Λ QCD shall cause small errors, i.e. less than ±1%, for all the decay channels.
It is also helpful to show how those error sources affect the differential decay widths. Also by taking the squared average of those errors, we draw the differential decay widths of B c → η c (J/ψ)ℓν(ℓ = e, µ, τ ) for m Fig.(5) .
IV. SUMMARY
The PMC provides a systematic and unambiguous way to set the renormalization scale for any high-energy QCD processes. In the present paper, we have studied the NLO QCD corrections for the B c → η c (J/ψ) TFFs by adopting the PMC scale setting. As a further step, we have calculated the B c → η c (J/ψ)ℓν semi-leptonic decay widths and estimated the measurable parameter ℜ(J/ψℓ + ν). We have found that
• After applying the PMC scale setting, all the same type higher-order β 0 -terms have been resummed into the running coupling, which rightly determines the optimal renormalization scale for the B c → η c (J/ψ) TFFs. All the B c → η c (J/ψ) TFFs have the same PMC scale due to the same β 0 -terms at the NLO level. Thus, the large renormalization scale uncertainty for all the TFFs under the conventional scale setting, which is about [−10%, +17%] for µ r ∈ [m b /2, 2m b ], are strongly suppressed.
After applying the PMC scale setting, the pQCD convergence can be improved in principle due to the elimination of the renormalon terms. We have seen an obvious improvement on the pQCD convergence for the B c → η c TFFs. However for B c → J/ψ TFFs, the K factor is still large, which indicates a NNLO calculation is necessary before an obvious pQCD convergence can be achieved.
• After applying the PMC scale setting, we obtain larger decay widths for the decays B c → η c (J/ 
where ℓ = e, µ, and the errors are squared averages of those from the dominant sources as m c , m b , |ψ Bc (0)|, |ψ J/ψ (0)|, |ψ ηc (0)|, m pole , ξ, |V cb | and etc..
• The PMC scale for the decays B c → η c (J/ψ)ℓν is µ PMC r ≈ 0.8GeV, which is in the low-energy region. To provide a reliable pQCD estimation, we have adopted the MPT running coupling model to do the calculation. By taking its input parameter ξ = 10 ± 2, we obtain [−5%, +6%] uncertainty for Γ Bc→ηcℓν and Γ Bc→ηcτ ν , and [−3%, +3%] uncertainty for Γ Bc→J/ψℓν and Γ Bc→J/ψτ ν , respectively.
• We have estimated the value of ℜ(J/ψℓ + ν), the production cross section times branching ratio fraction between B + c → J/ψℓ + ν and B + → J/ψK + . Our present estimation, as shown in Fig.(4) , shows a good agreement with CDF measurements.
The LO coefficients for the B c to S-wave charmonia TFFs are 
where C A = N c and C F = (N 2 c − 1)/(2N c ) with N c = 3. The NLO corrections for all the TFFs have been done in the literature, and the analytic expressions for the TFFs at the q 2 = 0 can be found in Refs. [20, 21, 35] . For self-consistence and for easy using of the PMC scale setting, we present the NLO conformal terms of the B c -
